where u is the velocity field,, u z its vertical component, p the rescaled pressure, ν and κ the viscos-56 ity and diffusivity, N = −(g/ρ 0 )(dρ/dz) the constant Brunt-Väisälä frequency, e z the vertical 57 unit vector, and b = −ρ g/ρ 0 the buoyancy perturbation, g the acceleration due to gravity, ρ 0 a 58 reference density,ρ(z) the mean profile and ρ a density perturbation. The resulting generalized
59
KHM equation was written as:
where E is now
and we have omitted contributions due to viscosity and diffusivity. This shows that the flux J is 62 made of a KE flux and an APE flux. This equation stems directly from the energy conservation law 63 governing atmospheric dynamics at the dissipative scales. Energy conservation in the atmosphere 64 is clearly described by the Lorenz Energy Cycle (LEC) formulation (Lorenz 1955) , showing the this formulation is that it is devoid of any adjustable parameters unlike, for exemple, local esti-118 mates of energy budgets based on LES methods Kuzzay et al. (2015) .
119
In this work we adapt the definition of such indicators to the atmospheric dynamics providing the 120 first local maps of sub-filter-scale energy transfers without any adjustable parameter. The goal of 121 this work is i) to identify and characterize the atmospheric motions responsible for large energy 
Methods

131
For any solutions of the Navier-Stokes equations, Duchon and Robert (2000) defined energy 132 transfers in a fluid at an arbitrary scale using a local energy balance equation
133
∂ t E + ∂ j u j E + 1 2 u jp +û j p + 1 4 u 2 u j − u 2 u j − ν∂ j E = −ν∂ j u i ∂ jûi − D ,
where u i are the components of the velocity field and p the pressure,û andp their coarse-grained
2 is the kinetic energy per unit mass at scale (such that
where G is a smooth filtering function, non-negative, spatially localized and such that 138 d r G( r) = 1. The function G is rescaled with as G ( r) = −3 G( r/ ). As shown in Duchon
139
and Robert (2000), the choice of G has no impact on the value of D , in the limit → 0, as long
140
as it satisfies the properties specified previously. In the sequel, we therefore choose a spherically 141 symmetric function of x given by:
where N is a normalization constant such that d 3 rG (r) = 1.
143
As noticed by Duchon and Robert, the average of D ( u) can be viewed as a weak form of the than .
149
By construction, the intrinsic weak formulation of D ( u) makes it less sensitive to noise than 150 classical gradients, or even than the usual KHM relation: indeed, the derivative in scale is not 151 applied directly to the velocity increments, but rather on the smoothing function, followed by a 152 local angle averaging. This guarantees that no additional noise is introduced by the procedure.
153
Even more, the noise coming from the estimate of the velocity is naturally averaged out by the 154 angle smoothing as shown in Kuzzay et al. (2015) . In the same study, the authors argued that the 155 8 based method for the computation of energy fluxes, since it relies on very few arbitrary hypotheses.
157
Experimentally, in the von Karman set-up, the DR formula provided a better estimate of the energy 158 dissipation than a LES method: in particular, estimates of the injected and dissipated powers were 159 within 20% of the measured value using the LES-PIV method, whereas reached 98% of the actual 160 dissipation rate of energy with the DR formula Kuzzay et al. (2015) .
161
In order to use this approach for atmospheric dynamics requires taking into account density energy is simply restated as
Using the point-split buoyancy perturbation as fundamental variable, we can then obtain an equa-166 tion related to the local variance of the buoyancy perturbation(details are given in the appendix)
where E T =b b 2N 2 is the available potential energy at scale , D T is expressed in terms of the
(the dependence on and x is kept implicit) as
Considering now that the energy for stratified flows is given by expression (4), we can sum equa-170 tion (8) and (9), to get the total local energy balance
where resolution over 12 pressure levels between 1000 and 100 hPa. A 12h time-step is considered.
207
Known problems concerning these datasets are the lack of dry mass conservation (Berrisford et al. 
265
To get some insight on these cascades, we have further computed the kinetic horizontal energy 266 spectra where k is the inverse of the wavelength from the horizontal velocity fields at different 267 pressure levels in the two reanalysis. They are reported in Figure 5 . One sees that for P ≤ 500 268 hPa (corresponding to the stratosphere), the energy spectrum is mostly scaling like k −3 , while for 269 P ≥ 500 hPa (middle troposphere), the energy spectrum scales like k −5/3 , at least for scales larger 270 than = 220 km-in agreement with the Nastrom-Gage spectrum in the lower stratosphere at scales 271 between 10 3 and 10 2 km. In the ERA Interim data, the spectrum steepens below this scale and is
272
closer to k −2 . These values are however to be taken with caution, since our resolution does not scales involving an inverse energy cascade, and the small scale, involving a direct energy cascade.
280
In addition to time average, it is also interesting to study the probability distribution function of and the NCEP-NCAR data, the latter shows fatter tails. This might be due either to the different 297 resolution of the datasets and/or on the different physical parametrizations.
298
Looking now at the dependence with scale at fixed height, we see that both the kinetic and total 299 local energy transfer display similar behaviour, with a tendency to have fatter tails with decreasing 300 scales. This means that the energy imbalance of the reanalysis is reduced when we look at motions 
335
This is particularly evident in the middle levels of the troposphere (between 850 hPa and 250 hPa). 
Discussion
365
Weather and climate models do not resolve the viscous scales, which for the atmospheric mo- The quantity D ( u, b) could also be a proxy of the flux of energy that can be exploited in wind 390 turbines (Miller et al. 2011 (Miller et al. , 2015 . Although our analysis is performed for large scale general 391 circulation models, the Duchon and Robert (2000) formula can be applied to regional climate and 
Multiplying the equation (A1) by b and equation (A2) by b and adding the results we obtain
while the nonlinear can be written as
where δ u j = u j − u j as before. Considering the term
Using now the identities ∇ r · (δ u) = ∇ r · u = 0, and after some manipulations we have:
Substituting the results from the equations (A4) and (A7) and multiplying both the sides by 1/2 419 and simplifying gives:
Applying the filter operator G , and notingf = f * G ( * being the convolution), we get:
Introducing E T = bb/2N 2 ,the available potential energy at scale , and the terms
The equation for the kinetic energy has been derived in Duchon and Robert (2000) , without the 427 term due to buoyancy which can be simply included, and writes as:
with D being given by Eq. 6. Introducig the KE spatial flux:
we get Eq. (8) of section 2. 
